Introduction
============

Insect-vectored diseases, such as malaria and dengue fever, continue to pose a substantial impediment to global health. Current approaches for combating insect-vectored diseases are often only partially effective and novel approaches targeting the pathogens and the vectors are being sought ([@b8]). One novel approach is to replace existing populations of disease-vectoring insects with genotypes that do not transmit the target pathogen. Early attempts at this approach failed (see [@b10]), but recent breakthroughs in molecular genetics have resulted in some optimistic predictions for future success (e.g., [@b17]).

Population replacement strategies for controlling disease-vectoring mosquitoes require a genetic system that causes desirable antipathogen transgenes to increase in frequency in the target population even when the transgenes have associated fitness costs. A number of genetic drive systems, such as sex-linked meiotic drive, homing endonuclease genes, *Medea*, and engineered underdominance ([@b38]; [@b34]; [@b13],[@b14]), have been proposed for achieving this goal. Simple population genetic models predict that for a specific drive system, the critical factors determining if a released transgene will increase in frequency are the initial release frequency and the fitness cost associated with the transgene (e.g., [@b24]).

Because simple population genetic models ignore ecological processes and population structure, they cannot be used for assessing the impact of complex ecological factors on the efficiency of genetic drive systems. Models that incorporate population structure and related parameters are needed ([@b32]; [@b30]; [@b29]). In a previous study, we examined the impact of age structure on the efficiency of two specific genetic drive systems, *Medea* and engineered underdominance ([@b15]). It was found that variation in the life history and mating characteristics of a population could alter the reproductive values of released males and females, and thereby affect the effort needed to successfully implement a gene-drive project.

In addition to age structure, the spatial structure of a population can impact the spread of a transgene ([@b3]; [@b31]; [@b28]; [@b35]; [@b41],[@b42]; [@b40]). The number and initial spatial distribution of the released individuals can affect the ability of the transgene to spread through the population and the speed of the resulting spread depends on how often and how far individuals disperse ([@b3]; [@b31]; [@b35]). Consequently, the design of effective and efficient transgenic mosquito releases must consider spatial structure.

For any specific genetic management program involving gene-drive, one practical question that must be addressed is what spatial release pattern of an engineered insect strain would be most efficient for spreading antipathogen transgenes? The answer to this question is expected to depend on a number of factors such as migration rate, fitness cost of the transgenes, density-dependent mechanisms for population regulation, age, and sex of the released insects, and thus can only be addressed by a model with explicit spatial structure and ecological processes included.

Here, we develop an age- and space-structured deterministic model to analyze gene-drive into the population of a mosquito species with demographic and dispersal characteristics similar to *Aedes aegypti*, the primary vector of dengue. The gene-drive mechanism chosen for this analysis is engineered underdominance ([@b5]). We consider a time scale (3 years) relevant to the practical implementation of a transgenic control program. Our primary goal is to identify spatial release strategies that require the least engineered insects, with a particular focus on the potential for interactions among genetic and ecological factors.

The gene-drive mechanism
========================

Engineered underdominance (EU), originally proposed by [@b5], involves the introduction of individuals carrying two co-dependent engineered constructs *a* and *b* on separate chromosomes. Each construct consists of a desirable antipathogen gene, a lethal gene, and a suppressor of the lethal gene on the other construct. The lethal gene on one construct is expressed when the suppressor on the other construct is absent. Therefore, individuals with only *a* or *b* will die. We denote a diploid homozygous individual with the two constructs inserted into two nonhomologous autosomes by *aabb*, and the corresponding wild-type by *AABB*. When the engineered *aabb* individuals are introduced into a wild population and mate with wild-type individuals, only five of the nine potential *F*~2~ genotypes are viable: *AABB*, *AaBb*, *Aabb*, *aaBb*, and *aabb*. The other four genotypes (*AABb*, *AaBB*, *aaBB*, and *AAbb*) are not viable because they contain only construct *a* or *b*, but not both.

The EU strategy requires that the frequency of engineered insects exceeds a nonzero introduction threshold in order for the constructs to go to fixation even if there are no fitness costs ([@b5]). In reality, fitness costs are expected to be associated with the EU constructs. Such fitness costs may affect one or more aspects of the insect\'s life cycle, for instance causing reduced fecundity, embryonic survival, larval development, and/or survival of adults ([@b16]). The precise nature of fitness costs is likely to be strain-specific. In the absence of this information we make a simple assumption, namely that the only fitness cost is a reduction of the embryonic survival probability. Similarly, the dominance of fitness costs is currently unknown. As in an earlier study of a nonspatial age-structured model ([@b15]), we assume that fitnesses are calculated multiplicatively across the two loci, but that, at each locus, fitness is calculated additively. (Making this assumption allows us to make direct comparisons between corresponding spatial and nonspatial age-structured models.) We denote embryonic fitnesses by *f*~*e*~(*G*), where *G* denotes the genotype. The embryonic fitnesses of the five viable genotypes, *AABB*, *AaBb*, *Aabb*, *aaBb*, and *aabb*, are 1, (1 − *c*/2)^2^, (1 − *c*/2) (1 − *c*), (1 − *c*)(1 − *c*/2), and (1 − *c*)^2^, respectively, while *f*~*e*~(*G*) = 0 for the four inviable genotypes. In this study, we consider fitness costs per locus, *c*, that range between 0 and 0.2. The equations for the basic model describing EU can be found in [@b5] and [@b24].

The model
=========

The model we present is quite general, but in order to carry out simulations we must choose a specific set of parameter values. Some of the choices made in this study reflect our interest in transgenic strategies aimed at reducing the transmission of dengue virus by the *A. aegypti* mosquito ([@b25]), which is one of the major current targets of genetic pest management.

We consider a metapopulation of mosquitoes living in a habitat that consists of 1024 identical cells or patches that are arranged as a 32 × 32 square grid. (In the *A. aegypti* context, because the mosquito is anthropophilic we think of this as being an urban habitat consisting of a collection of houses). The patchy habitat is denoted by *H* = {(*i*,*j*) \| *i*,*j* = 1,...,32} in which each patch is assigned a two-dimensional integer co-ordinate (*i,j*). Patches are linked by migration and we assume periodic boundary conditions.

The details of the local population dynamics and genetics as well as the migration scheme are described separately below. Major model parameters and their default value or range are listed in [Table 1](#tbl1){ref-type="table"}.

###### 

Model constants and parameters

  Meaning                                     Notation   Value/range
  ------------------------------------------- ---------- ---------------
  Life-time egg production of a female        *E*        50
  Maximum immature survival probability       *S*~*L*~   0.9
  Adult survival probability                  *S*~*A*~   0.9
  Magnitude parameter of density-dependence   *α*        0.035
  Shape parameter of density-dependence       *β*        1, 4
  Daily migration probability                 *m*        \[0.05, 0.5\]
  Maximum migration distance                  *d*~*m*~   5
  Fitness cost per locus                      *c*        \[0, 0.2\]

Within-patch dynamics
---------------------

The mosquito life cycle is modeled using 35 daily age classes. The immature mosquito stages span 10 age classes, while the adult stage has 25 age classes. The numbers of immature and adult female mosquitoes of age *a* and genotype *G* at time *t* are written as *L*(*G,a,t*) and *A*(*G,a,t*), respectively. The corresponding numbers of immature and adult male mosquitoes are denoted by *L*\*(*G,a,t*) and *A*\*(*G,a,t*), respectively.

The birth rate, i.e., the average number of eggs laid per female per day, is assumed to be age-dependent and described by the function *b*(*a*). In this study, rather than choosing a form for *b*(*a*) that is estimated from laboratory or field data for a specific mosquito species (see e.g., [@b11] or [@b29]), we instead employ a pattern that only aims to capture the qualitative features of mosquito fecundity. We choose a simple functional form in which females have a broad reproductive interval and have highest fecundity at age 10 (see [Fig. 1A](#fig01){ref-type="fig"}, the caption of which gives the details of the functional form we adopt for *b*(*a*)).

![(A) Age-dependent female reproductive pattern employed in our model, shown as the birth rate *b*(*a*), i.e., the average number of eggs produced by an adult female of age *a* per day. The functional form of the pattern is provided by a truncated Weibull distribution. More precisely, we assume that *b*(*a*) = 0 for *a* ≤ 2 and for *a* ≥ 3. Here exp {−(*a* − 2)^2^/λ^2^}, for *a* ≥ 3. *E* is the total number of eggs that a female produces in her lifetime if she survives to the maximum age. In our model, *E* = 50 and *λ* = 9.5. (B) Daily survival probability of immature mosquitoes as a function of the total weight of immatures at a breeding site. The functional form and the meaning of *α* and *β* are given in (1) in the main text. The total larval density (weight) is given by where *w*~1~ = 0.001, *w*~2~ = 0.0042, *w*~3~ = 0.0148, *w*~4~ = 0.0405, *w*~5~ = 0.0704, *w*~6~ = 0.0877, *w*~7~ = 0.1018, *w*~8~ = 0.1155, *w*~9~ = 0.1294, and *w*~10~ = 0.1435 are the average weights, in mg, for immatures of each age (Legros et al. unpublished data).](eva0004-0415-f1){#fig01}

The daily survival probability of adult mosquitoes, *S*~*A*~, is assumed to be constant (independent of sex, age, genotype, and density) and is taken to equal 0.9. The daily survival probability of immature mosquitoes is assumed to be independent of sex, age, and genotype, but dependent on their density ([@b27]; [@b6]; [@b20]). Density dependence is poorly characterized for many mosquito species, including *A. aegypti* ([@b20]). Typically, a phenomenological model of density dependence is used (see [@b4] for a comparison of a number of models for density-dependent insect survival). For many species, intraspecific competition for nutrients between immature mosquitoes in the larval habitat is believed to be an important component of density dependence. Consequently, we assume that the daily survival probability of immature individuals, *S*(*D*(*t*)), depends on the density of the immature population, *D*(*t*). Specifically, we adopt a modified form of a two-parameter function, due to [@b26], discussed by [@b4] (see also [@b40]):

Here, *α* and *β* are two parameters that characterize the magnitude and shape of density dependence and are discussed below. The density *D*(*t*) is given by where *w*~*a*~ is the average weight of an immature of age *a* (the values of these coefficients are given in the caption to [Fig. 1](#fig01){ref-type="fig"}).

Under this survival function, the maximum daily survival probability for immature mosquitoes, *S*~*L*~, is assumed to be 0.9. In this study, we set *α* = 0.035 and *β* = 1 or *β* = 4, except where specifically indicated otherwise. The two values of *β* are chosen to represent weak (*β* = 1) and strong density dependence (*β* = 4). The value of *α* is chosen so that the number of adults in a stable isolated patch is approximately 20 when *β* is taken to equal one. [Figure 1(B)](#fig01){ref-type="fig"} illustrates the daily survival probability as a function of total immature weight for these two values of *β*.

The total number of viable eggs of genotype *G* produced by adults at time *t, B*(*G,t*), is calculated by finding the number of eggs arising from each parental genotype pair, allocating the eggs according to the offspring genotype distribution that results from each parental genotype pair, and then accounting for the viability and embryonic fitness costs of each type of egg. *B*(*G,t*) is calculated as follows:

The parenthetic term in this equation calculates the total number of eggs produced by matings between females of genotype *J* and males of genotype *K*. The probability that, at time *t*, a female of age *a* and genotype *J* mates with a male of genotype *K* is denoted *γ*(*a*,*J*,*K*,*t*). In this study, we assume that mating is random and occurs every day, so *γ*(*a*,*J*,*K*,*t*) is simply the fraction of adult males of genotype *K* at that time, i.e.,

where the sums are taken over the 25 adult age classes. The formula for *γ*(*a*,*J*,*K*,*t*) can be easily extended to consider different mating patterns, such as assortative mating by age (as given in [@b15]) or genotype, or mating that only occurs at certain times in an adult female\'s life, such as a single mating event soon after emergence.

Pr(*G*\| *J*,*K*) is the probability that a zygote has genotype *G* when the maternal and paternal genotypes are *J* and *K*, respectively. In the case of Mendelian segregation, this probability can be easily calculated by a computer algorithm (available from the authors).

Finally, *f*~*e*~(*G*) measures the relative fitness of a type *G*-egg, expressed as embryonic survival relative to that of the wildtype. (As discussed earlier, other types of fitness cost are possible; these are easily accommodated by making simple modifications to this equation.)

Incorporating the assumptions for daily survival and reproduction as given in [eqns (1)](#m1){ref-type="disp-formula"}--[(3)](#m3){ref-type="disp-formula"}, and assuming a 1:1 sex ratio at birth, we have the following deterministic recursive equations for the numbers of females of given genotypes and ages on successive days:

The dynamics of the male population can be tracked by the corresponding set of equations, with *L*(*G*,*a*,*t*) and *A*(*G*,*a*,*t*) being replaced by *L*\*(*G*,*a*,*t*) and *A*\*(*G*,*a*,*t*), respectively.

Migration
---------

Immature mosquitoes are assumed to be sedentary, while adult mosquitoes are allowed to move between patches. Many factors such as age, sex, season, location of feeding, and oviposition sites can affect movement of mosquitoes. However, for *A. aegypti*, a review of 21 mark-recapture experiments ([@b12]) indicated that movement was typically limited to neighboring houses and that age, sex, season, and geographical location did not significantly affect the probability of movement or mean distance moved. One more recent study did find a difference in the mean distance moved between males and females, but only when the larvae were raised under stressful conditions ([@b23]). We therefore assume that the daily migration probability, denoted by *m*, is constant.

Because of the relatively short-range dispersal of *A. aegypti*, we assume the probability, *Φ*~*d*~, that a migrating mosquito moves to a patch *d* units away from its current location decreases geometrically with *d*, as given by:

Here, *d*~*m*~ is the maximum distance that the mosquitoes can move in a day, and 0 \< *s* \< 1 is a parameter for adjusting the mean daily dispersal distance (). Wecalculate distances by adding the number of horizontal and vertical steps needed to move between two patches on our grid using the shortest path (the so-called taxicab, or Manhattan, distance, with appropriate modification to account for the periodic boundary conditions).

For simplicity, when comparing across differing levels of dispersal in this study, we choose to do so by varying the value of *m*; more generally, we could also vary *s* and/or *d*~*m*~. In this study, we choose to fix *s* = 0.5 and *d*~*m*~ = 5, giving a mean daily dispersal distance of approximately 1.84. A geometric dispersal kernel is not the only possible choice for *Φ*~*d*~; a more commonly-used alternative is a Gaussian kernel. Many mosquito species have a looser association with people than do *A. aegypti* and have much longer dispersal distances ([@b33]): few of their movements are between adjacent houses. For such species, a Gaussian kernel might be more appropriate. We make some comments on the likely impact of different dispersal kernels in the Discussion.

Let and be the total number of female and male adults in patch (*i,j*), respectively. The net daily change in the number of female adults in this patch due to dispersal is the number of immigrants minus the number of emigrants:

Here, we denote the neighborhood of patches that are exactly *d* units away from a specific patch (*i,j*) as Ω~*d*~(*i*,*j*). There are 4*d* patches that are exactly *d* units away from the patch (*i,j*) (note that the periodic boundary conditions ensure that this is true for all patches). The equation for males can be written similarly. Note that the daily migration probability, *m*, is assumed to be independent of sex, age, and genotype.

Release methods
---------------

In the previous study ([@b15]), we considered release of insects of different ages. Here, we mostly consider a one-time release of engineered teneral adults into selected patches. We examine releases of either both sexes or only males. For mosquitoes, only females transmit diseases, therefore safety concerns favor the release of only males ([@b18]). The released individuals are of genotype *aabb*, i.e., homozygous for both EU constructs. We consider two specific release methods: (i) *central release* where the release area is a square of varied size (i.e., number of patches) at the center of the habitat ([Fig. 2](#fig02){ref-type="fig"}), (ii) *patchy release* where the habitat is divided into 8 × 8 equal-sized square blocks (with each block consisting of 16 patches) and the release area is a square of varied size in each block ([Fig. 2](#fig02){ref-type="fig"}). We have chosen the 8 × 8 division as just one way to consider patchy release. Other scales of division such as 16 × 16 are also possible. Both central release and patchy release have a limiting case, which we refer to as *full release*, where there are (identical) releases into every patch. Given our assumptions of homogeneous environment and initial conditions, and deterministic dynamics, each patch will exhibit identical dynamics and so the impact of *full release* could be assessed using a nonspatial model.

![Illustration of two specific spatial release methods. Panel (A) is central release, where transgenic insects are released into a square area at the center of the habitat. Panel (B) is patchy release, where the entire habitat is divided into 8 × 8 equally-sized blocks and insects are released into an area at the center of each block.](eva0004-0415-f2){#fig02}

Release threshold
-----------------

As described in a previous section, engineered underdominance requires the release of a minimum number of transgenic individuals per wild-type individual to achieve gene-drive, i.e., after a transient period the transgenes increase in frequency and eventually reach a stable high frequency or fixation. From a practical perspective, gene-drive also has a requirement for the speed at which the transgenes increase in frequency across the entire habitat. In this study, we focus on a practical criterion for success of a gene-drive project as one in which the frequency of transgenic individuals (summed across all transgenic genotypes) reaches 80% in the entire habitat within 3 years (i.e., the wild-type frequency falls below 20% within 1095 days). We refer to the minimum number of mosquitoes that must be released per wild-type mosquito to achieve this criterion as the *release threshold* throughout the remainder of the manuscript. We emphasize that the release threshold is the ratio of the number of released mosquitoes to the number of wild-type mosquitoes of all ages (both adults and immatures) in the entire spatial area, even when the engineered mosquitoes are released into only a fraction of the total area.

Numerical simulations
---------------------

Because the model takes genetic, age, and spatial structure into account, simulation of the model is not particularly fast; calculation of the release threshold is fairly slow even for a single set of parameters. This problem is more severe when examining variation in the release threshold as a parameter value is changed. As a result, we assess release thresholds using coarser increments in parameter values than is optimally desirable. When examining variations that result from changes in migration probability, *m*, we vary *m* between 0.05 and 0.5 in increments of 0.05. This restricts our ability to precisely locate features on graphs of functions of *m* (for example, the values of *m* that minimize release thresholds in [Fig. 3A](#fig03){ref-type="fig"}): this point should be kept in mind when interpreting some of the statements below. When examining variations that result from changes in the fitness cost, *c*, we vary the parameter from 0 to 0.2 in increments of 0.01.

![Comparisons of the release thresholds between different sizes of the release area in the cases of central release (CR) and patchy release (PR). In each panel, the black solid line and the black line with diamond markers correspond to a central release of 1/16 and 1/4 of the total area, respectively. The gray solid line and the gray line with diamond markers correspond to an patchy release of 1/16 and 1/4 of the total area, respectively. The dashed line corresponds to the full release, i.e., into every patch. Panels (A) and (C) show both-sex releases, while panels (B) and (D) depict male-only releases. The fitness cost per locus is 0 in panels (A) and (B), and is 0.2 in panels (C) and (D). In panels (C) and (D) the thresholds for central release are too high to be shown. In each panel the thresholds are plotted for the migration probability starting from 0.05.](eva0004-0415-f3){#fig03}

Releases are always made into populations that are at equilibrium: the populations of each of the 1024 patches are equal in number and are each at the stable age distribution. (This initial state was determined by running the single-patch model for 600 time steps).

Results
=======

Effects of release area on release threshold
--------------------------------------------

### Central release

In the case of central release of both males and females when there is no fitness cost associated with the EU constructs (*c* = 0), there is an optimal migration probability at which the release threshold is lowest for releases into 1/16 and 1/4 area of the total area ([Fig. 3A](#fig03){ref-type="fig"}). When the migration probability is smaller than the optimal value, the outward expansion of the transgenes is slow, which makes it relatively difficult for the transgenes to reach a frequency of 80% across all patches in 3 years (as required by our practical criterion). When the migration probability is greater than the optimal value, the transgenes spread quickly into many patches, which causes the ratio of released individuals to wild individuals in the release area to drop quickly after the release and makes it relatively difficult for transgenes to increase in frequency in the release area.

The release of only males is similar to the release of both males and females in terms of the qualitative impact of migration probability and spatial release area on the release thresholds ([Fig. 3B](#fig03){ref-type="fig"}). The quantitative differences between the only-male release and both-sex release is that the former generally has higher release thresholds than the latter. As explained in [@b15], this is because an only-male release leads to an excess of males in the population with the consequence that some of the introduced males will be unable to find mates. Compared to a both-sex release that leaves the population\'s sex ratio unaffected, fewer engineered alleles get passed to the next generation under an only-male release. We remark that this effect can be overturned if transgenic individuals incur fitness costs (see [@b15] for more details).

When there is no fitness cost, for each specific migration probability, there is an optimal proportion of the total area for which the release threshold is lowest ([Fig. 4A](#fig04){ref-type="fig"}). The optimal proportion exists because release into a relatively small area favors local establishment but it takes relatively long for the transgenic alleles to spread throughout the entire habitat, while release into a relatively large area favors a fast spread of the transgenic alleles once they are established but makes it hard for local establishment in the first place. If both the release area and migration probability are small, the transgenic individuals may spread over only a part of the entire area in 3 years and may never reach a frequency of 80% even if a large number of insects are released. If the release area is large, the transgenic individuals can easily spread over the entire area once the number of released insects allows for local establishment and so, the release threshold is almost independent of the migration probability.

![Release threshold plotted as a function of the proportion release area of the total area. Released individuals include both sexes of 1-day-old adults. The spatial release method is central release. In panel (A), where *c* = 0, the lowest release threshold occurs when the release area is approximately 1/4 of the total area and the migration probability *m* is 0.15. In panel (B), where *c* = 0.2, for each migration probability the release threshold decreases as the release area increases.](eva0004-0415-f4){#fig04}

When there is a fitness cost to the transgenes there is a general expectation that an increased number of transgenic insects will need to be released, but our results indicate that the level of this increase is greatly affected by the release area and migration probability. When there is a fitness cost of 0.2 per locus associated with the EU constructs, a central release 1/16 of the total area results in a very high release threshold (more than 100 times that of the total wild population). A central release 1/4 of the total area also results in a very high release threshold for small migration probabilities ([Fig. 3C,D](#fig03){ref-type="fig"}). For a fixed migration probability, the release threshold increases as the size of release area decreases ([Fig. 4B](#fig04){ref-type="fig"}). When the transgenic alleles carry fitness cost, central release into a smaller area results in more matings between the transgenic types in the first few generations than release into a larger area. Because more matings between the transgenic types cause more loss of transgenic alleles, more insects must be released into a smaller area than a larger area to achieve the goal of gene drive.

### Patchy release

In the case of patchy release, when the release area is either 1/16 or 1/4 of the total area, the release thresholds decrease as the migration probability increases ([Fig. 3](#fig03){ref-type="fig"}; gray lines). When the migration probability is small, there are some differences in the release thresholds between 1/16-, 1/4-, and full release ([Fig. 3A,B](#fig03){ref-type="fig"}). For example, when *m* = 0.05 and both sexes are released, the difference between 1/16-release and full release is approximately 0.2 (0.148 vs 0.35). When the migration probability is large (e.g., *m* \> 0.3) the differences in the release threshold for the three proportions of release area are very small. When there is a fitness cost of 0.2, the release thresholds are higher than when there is no fitness cost, but there is less of an interaction between the area of release and migration probability than was seen for the case of central release ([Fig. 3C,D](#fig03){ref-type="fig"}). No matter whether there is fitness cost or not, the differences in the release thresholds between the three proportions of release area become smaller as the migration probability increases.

### Comparison between central release and patchy release

For small migration probabilities (*m* \< 0.1), when there is no fitness cost associated with the EU constructs, a patchy release into 1/4 of the total area results in lower release threshold than a central release into 1/4 of the total area. However, for high migration probabilities, the central release has the lowest release thresholds ([Fig. 3A,B](#fig03){ref-type="fig"}). This is at least partially because at low migration probabilities the patchy releases cause a faster spread of the transgenic alleles into the nonrelease patches, but when the migration probabilities are high the invasion into the nonrelease patches is not a major limitation. When the fitness cost is 0.2 the patchy release results in much lower release thresholds than the central release. This is at least in part because in early generations after releases, more matings between transgenic males and females happen when they are released into a single contiguous area rather than into a number of discrete locations ([Fig. 3C,D](#fig03){ref-type="fig"}). The mating between transgenic individuals maintains stronger linkage disequilibrium among transgenic alleles and therefore a higher effective fitness cost.

Effects of fitness cost and migration on release threshold
----------------------------------------------------------

In the case of releasing into 1/4 of the total area, for a fixed migration probability there is a critical fitness cost above which patchy release results in a lower release threshold than central release. For example, when the migration probability is 0.2, the critical fitness cost is between 0.03 and 0.04 for both-sex release ([Fig. 5A](#fig05){ref-type="fig"}), and between 0.01 and 0.02 for only-male release ([Fig. 5B](#fig05){ref-type="fig"}). Numerical simulation at different migration probability and fitness cost pairs, (*m,c*), shows that there is a critical fitness cost above which patchy release results in a lower release threshold than central release for any migration probability. This critical fitness cost is smaller than 0.04 for both-sex release ([Fig. 5C](#fig05){ref-type="fig"}) and smaller than 0.02 for only-male release ([Fig. 5D](#fig05){ref-type="fig"}).

![Comparison of central release with patchy release (both into 1/4 of the total area) when the fitness cost of the drive gene and migration probability are varied. Graphs (A) and (B) show the release threshold as a function of the fitness cost when the migration probability is 0.2. The solid lines correspond to the central release (labeled as RT~C~), while the dashed lines correspond to the patchy release (labeled as RT~P~). Graphs (C) and (D) are parameter space diagrams, with the unshaded areas showing regions of the (*m, c*) parameter space in which the release threshold is higher under central release than under patchy release. The shaded areas depict regions in which the release threshold is higher under patchy release than under central release. For each point on a grid of (*m, c*) values, the more effective release mechanism was determined. The smooth curves depicting the boundaries of the shaded regions were then determined by polynomial interpolation.](eva0004-0415-f5){#fig05}

Effects of age, density dependence and migration on release threshold
---------------------------------------------------------------------

The parameters *α* and *β* measure the strength of density-dependent effects on the survival of immature insects. Until this point in our analysis, we set *α* = 0.035 and *β* = 1, parameters for which density dependence is weak. We now relax these assumptions to analyze the impact of density dependence on the release efforts required for achieving gene-drive. As a simple approach to this analysis, we contrast the release thresholds for two different values of *β*, 1 and 4, which represent a relatively weak and strong density dependence, respectively. To look into the possibility of an interaction between age structure and spatial structure, we consider and compare the releases of three specific age classes: newly emerged adults, 5-day-old adults and 10-day-old adults. We focus our analysis on the case of central release into 1/4 of the total area.

For any of the three age classes and any positive migration probability, the release thresholds for *β* = 1 are higher than those for *β* = 4 ([Fig. 6](#fig06){ref-type="fig"}). These results appear to be qualitatively similar to those for a single isolated patch: the higher the *β*, the lower the release threshold ([Fig. 7](#fig07){ref-type="fig"}). There are also qualitatively similar results for *α*, the other parameter that adjusts the magnitude of density-dependence ([Fig. 7](#fig07){ref-type="fig"}). While there are differences in the release threshold between *β* = 1 and *β* = 4, the differences appear to be not significant except when one day old adults are released and fitness cost is high. The differences are partially due to stronger density-dependence increasing the reproductive values of the released adults. In all of our analysis we define the release threshold in terms of the number of released mosquitoes relative to all mosquitoes in the natural population. This means that, we value each egg and young adult equally. As described in [@b15], this can be misleading especially if the reproductive values of eggs and young adults vary as we change model parameters. When there is high density-dependent mortality at the larval stage, as for *β* = 4, the reproductive value of young adults is higher than when there is low larval mortality, as for *β* = 1. The higher the reproductive value of the released insects, the lower the release threshold. As the result, release of fewer transgenic adults is required to achieve the same goal of gene-drive.

![Release threshold for central release into 1/4 of the total area as a function of migration probability for two *β* values and three different release ages. (A) Release of both sexes, *c* = 0; (B) Release of only males, *c* = 0; (C) Release of both sexes, *c* = 0.2; (D) Release of only males, *c* = 0.2. In each graph, the solid lines correspond to *β* = 1 (weak density-dependent competition between immatures), while the dashed lines correspond to *β* = 4 (strong density-dependent competition). Lines plotted as black, blue and red correspond to the release of 1-, 5-, and 10-day-old adults, respectively. In graph (D), the release thresholds corresponding to the release of 10-day-old adults (red lines) are not shown in the figure because they are higher than 100.](eva0004-0415-f6){#fig06}

![Density-dependent effects on the release threshold in a single isolated patch. The density-dependent survival probability of immature individuals depends on two specific parameters, *α* and *β*. In panels (A) and (B), *β* = 1 is fixed and the release threshold is plotted as a function of the parameter *α*, with either no fitness cost (solid line) or with fitness cost 0.2 (dashed line). In panels (C) and (D), *α* = 0.035 is fixed and the release threshold is plotted as a function of the parameter *β*, with either no fitness cost (solid line) or with fitness cost 0.2 (dashed line). In panel (A) and (C) both males and females are released. In panels (B) and (D) only males are released. In all instances, 1-day-old adults are released.](eva0004-0415-f7){#fig07}

When there is no fitness cost and when both sexes are released, the release of 5-day-old adults results in the lowest release threshold among the three age classes because this age class has the highest reproductive values ([Fig. 6A](#fig06){ref-type="fig"}). This is different from the case of release of only males, where release of newly emerged adults results in the lowest release threshold ([Fig. 6B](#fig06){ref-type="fig"}). The difference is partially a consequence of the differing reproductive values of males and females of the same age when mating is random ([@b15]). When there is a fitness cost of 0.2, release of newly emerged adults results in the lowest release threshold among the three age classes for either both-sex release or male-only release ([Fig. 6C,D](#fig06){ref-type="fig"}).

Discussion
==========

Over 40 years ago Richard Levins ([@b21]) pointed out that model building is constrained by 'the conflicting desiderata of generality, realism, and precision'. He explained that no single model can attain all of these goals, but that the alignment of predictions from sets of diverse models will provide robust theorems in population biology. His statements are as relevant today as they were when they were written. One can argue the pros and cons of very simple general models, and equally, the pros and cons of more realistic complex models, but it is the overall knowledge gained by comparing the results of these diverse models that provides a measure of confidence in their predictions (also see [@b9]).

In modeling gene drive systems there is a wide gap between simple models and species specific models that can make comparative assessment difficult. For example, simple population genetics models cannot act as a qualitative check on some predictions of a complex model built for one mosquito species in one city if the simple models do not include males and females, or differential reproduction by old and young individuals. Models of intermediate complexity such as the one described here serve as a bridge between models aimed at extreme generality and those aimed at realism.

As indicated in the Introduction section, the first models of engineered underdominance ([@b5]; [@b24]) predicted efficacy of a release strategy simply based on the minimum allelic frequencies of transgenes that resulted in future increases in frequency of those transgenes in a panmictic population. Some population genetic models have analyzed the general spatial spread of underdominant alleles (e.g., [@b3]; [@b31]; [@b35]; [@b36]), but they include very simple or even no population dynamics. We felt that it would be difficult to use such models alone as a check on a complex, species, and location specific set of models that, we have been building for assessing the utility of gene drive systems for the suppression of dengue virus that is vectored by the mosquito, *A. aegypti* ([@b25]). This motivated us to develop the age-structured model ([@b15]), and now this model that includes explicit spatial structure. While these two models are not realistic enough to optimize the release strategy for a particular transgenic strain, they make qualitative predictions about mechanistic factors that could affect predictions of more complex and realistic models.

If we are to use models of intermediate complexity as a bridge, we must also connect and relate them to the more simple models mentioned above ([@b3]; [@b37]; [@b31]; [@b35]; [@b36]). The behavior of these population genetic models is seen to have much in common with population dynamic models for the invasion of a species that is subject to a (strong) Allee effect (e.g., [@b22]; [@b19]; [@b39]). Analytic results can be derived that provide threshold conditions determining whether invasion is or is not possible, and expressions for the speed of the invasion wave that results.

A simple setting in which such analyses can be carried out assumes a population that is distributed continuously along a line and for which movement occurs by diffusion (corresponding, in some sense, to a Gaussian dispersal kernel; [@b2]). Furthermore, it is assumed that the (local) genetics can be specified by a single gene frequency that evolves continuously in time, governed by a cubic function. Initially, all individuals at negative values of the spatial co-ordinate are taken to be transgenic and those at positive values wild-type. Under these conditions it is found ([@b3]; [@b37]; [@b22]) that the transgene will invade provided that the local invasion threshold, , is below 0.5 and that the resulting invasion wave has (asymptotic) speed proportional to the product , where *D* is the diffusion coefficient. Because *D* = *σ*^2^/2, where *σ* is the standard deviation of the corresponding Gaussian dispersal kernel, the wave speed is seen to be proportional to *σ*.

An important observation is that the forward advance of invasion waves in such systems relies on the weight of numbers behind the wave front: invasion requires a sufficiently high frequency over a sufficiently large area, sometimes termed a critical aggregation (or 'critical bubble'). These so-called 'pushed' (or *Bartonian*) waves are fundamentally different to the more familiar 'pulled' (or *Fisherian*) invasion waves ([@b7]) seen in systems that lack an invasion threshold, for which advance is governed by the wave\'s leading edge and for which invasion is possible from arbitrarily small localized initial introductions. The gene frequency distribution corresponding to this critical bubble can be calculated ([@b35]). Typically, these calculations have been presented for release over a single contiguous area and assuming a simple geometry, such as radial symmetry. As such, they talk to our central release but not to the patchy release. There does not appear to be an analytic description corresponding to our patchy release, although Soboleva et al. describe (using numerical simulation) a situation in which two nearby releases, neither of which would lead to invasion by themselves, can merge and form a structure that can lead to invasion ([@b35]).

Calculation of the changes in gene frequencies of the EU system requires knowledge of the frequencies of the five viable genotypes. Although this system is more complex than the one-dimensional idealization of the Bartonian model (even ignoring density dependence), numerical results suggest that it may be possible to approximate the dynamics of EU by a one-dimensional model. The potential for such a description is indicated by [fig. 6](#fig06){ref-type="fig"} of [@b5] and [fig. 2](#fig02){ref-type="fig"} of [@b24], in which the trajectories of gamete frequency on DeFinetti diagrams are seen to rapidly approach and then move along a one-dimensional curve---the unstable manifold of a saddle equilibrium---on which two stable equilibria fall, with an unstable equilibrium in between. These dynamics suggest that the EU system, following an initial transient lasting a few generations, may, to a good approximation, be described by in terms of a co-ordinate describing position on this curve.

The exact magnitude of the local invasion threshold that prevents establishment of a Bartonian wave depends on the details of the local gene frequency dynamics. While this value need not be at the of the cubic model described above, this result explains why central release for EU was much less effective in the face of the *c* = 0.2 fitness cost and the resulting high local release threshold. The theoretical results just described also show that even if the Bartonian wave can be established, its expansion occurs more slowly when the local release threshold is high. Consequently, it may fail to meet our practical '80% in 3 years' criterion. In such situations, patchy release, with its greater initial spatial extent, may be better placed to achieve the desired result. In addition, when transgenes carry fitness costs, the offspring produced by the homozygous transgenic males and females suffer higher mortality than those produced by other types of mating. Because more matings between transgenic males and females happen when they are released into a single contiguous area rather than into a number of discrete locations, central releases must be larger to compensate for high fitness costs.

Analytic and numerical results ([@b31]; [@b39]) show that the shape of the dispersal kernel has a major effect on the speed of an invading wave, with larger wave speeds resulting from dispersal kernels with heavier tails, but has relatively little effect on the ability of a given introduction to invade. Schofield also describes how similar invasion wave speeds can be obtained from dispersal kernels of different shapes by changing parameters (e.g., increasing dispersal distance in a Gaussian kernel when comparing with a leptokurtic one). As a result, we argue that the shape of the dispersal kernel is likely to have a quantitative, rather than qualitative, impact on the results presented here.

Because female, but not male, mosquitoes transmit human pathogens, male-only releases are likely to be more acceptable to local residents and health officials ([@b18]), even though the released mosquitoes are engineered to be refractory to disease transmission. Our model indicates that release of males and females can result in a considerably lower release threshold than release of only males. However, as the strength of density-dependence increases (e.g., when *β* increases from 1 to 4), the differences between male-only and both-sex release become smaller. For example, when there is no fitness cost associated with the transgene, the migration probability is 0.3 and 1-day-old adults are released, male-only release requires approximately 110% more engineered insects than both-sex release when *β* = 1, while it requires 80% more engineered insects than both-sex release when *β* = 4. We know very little about the patterns of intraspecific competition in mosquitoes ([@b20]), but these results indicate that ecological parameters associated with this process could impact the relative efficiency of different gene drive strategies.

Any specific population replacement program will need to consider the economics of a release, both in terms of the cost of rearing the required number of insects and the cost of implementing the release ([@b1]). It is possible that the cost per insect released into one central area could be much smaller than releasing them into a large number of patches across the habitat because of the transportation and labour cost of visiting many sites. If the relative cost per insect for patchy release is high, then under many ecologically relevant parameter values, the central release could be economically favorable even though it requires more insects. Fitness costs could, however, affect these considerations in an important way because, as we saw above, the comparative utility of a central release diminished considerably in the face of significant fitness costs. Clearly, it will be necessary to link ecological and population genetic models to economic models in order to design optimized release strategies.

We thank the associate editor and three anonymous reviewers for their comments. This work is funded by a NIH grant R01-AI54954-0IA2 and a grant to the Regents of the University of California from the Foundation for the National Institutes of Health through the Grand Challenges in Global Health initiative.
